A kind of electrorheological fluid equations with orientated convection terms is considered. If the diffusion coefficient a(x, t) ∈ C 1 (Q T ) is degenerate on the boundary ∂Ω, not only the uniqueness of weak solution is proved, but also the stability of the solutions can be proved without any boundary condition, provided that there are some restrictions on the diffusion coefficient a(x, t) and the convective coefficient b (x, t). Moreover, the large time behavior of weak solution is studied.
Introduction
The initial boundary value problem of an electrorheological fluids equation with orientated convection term u t = div a(x, t)|∇u| p(x,t)-2 ∇u + f (x, t) · ∇u q , (x, t) ∈ Q T = Ω × (0, T), (1.1) u(x, 0) = u 0 (x), x ∈ Ω, (1.2) u(x, t) = 0, (x, t) ∈ ∂Ω × (0, T), (1.3) is studied in this paper, where 1 < p(x, t) ∈ C(Q T ), q > 0, a(x, t) ∈ C 1 (Q T ), f = {f i (x, t)}, f i (x, t) ∈ C 1 (Q T ), and Ω ⊂ R N is a bounded domain with a smooth boundary ∂Ω.
When p(x, t) > 1 is a measurable function on Q T , equation (1.1) arises in electrorheological fluids theory [1] . If f (x, t) = 0, a(x, t) = 1 for all (x, t) ∈ Q T , the existence and uniqueness results of equation (1.1) have been obtained in [2] [3] [4] [5] [6] etc. If p(x, t) = p > 1 is a constant, a(x, t) = 1 and f (x, t) = 0, equation (1.1) is well known as non-Newtonian fluid equation and has been studied by many mathematicians, one can refer to [7] [8] [9] [10] [11] [12] [13] [14] [15] and the references therein. From these papers, we know that the uniqueness and the stability of weak solutions can be proved if the Dirichlet boundary value condition (1.3) is imposed. In recent years, the equations with the type u t = div a(x, t)|∇u| p(x,t)-2 ∇u + f (x, t, u, ∇u), (x, t) ∈ Q T (1.4) have drawn wide public attention [16] [17] [18] [19] [20] [21] [22] [23] etc. When p(x, t) = p > 1 is a constant, f (x, t, u, ∇u) is a linear function, the well-posedness problem of equation (1.4) was studied in [24] [25] [26] . In addition, the non-Newtonian polytropic filtration equation with orientated convection
was studied in [27] , where m > 0, p > 2 and
The author has been interested in the stability of weak solutions to equation (1.4) for a long time. When 5) some progresses have been made in [22, 23] . If a(x, t) = a(x), p(x, t) = p, the stability of weak solutions to equation (1.1) has been studied in [28, 29] . We have found that condition (1.5) may replace the usual Dirichlet boundary value condition (1.3) for some special f (x, t, u, ∇u), the stability of solutions can be established without any boundary value condition (1.3), provided that there are some other restrictions on f (x, t, u, ∇u).
In this paper, we first generalize the results contained in [15, 28, 29] to equation (1.1), since there is time variable t in the exponents, there are some essential difficulties that should be overcome. Secondly, we will used some ideas [3, 4, 30] to prove the uniqueness of weak solution. Thirdly, the large time behavior of weak solutions is studied free from the limitations of the boundary value condition.
We denote that
assume that p -> 1, and the constants c appearing in different places represent different constants, a(x, t) is a nonnegative function in C 1 (Q T ), and for every t
We give the basic definitions and the main results now.
and for any ϕ(x, t) ∈ C 1 0 (Q T ),
then we say u(x, t) is a solution of equation (1.1) with the initial value (1.2) which is satisfied in the sense
Here, p + =
as usual, i = 1, 2, . . . , N . In this paper, the existence of the nonnegative solution is proved. 
Theorem 1.2 If p
Then the boundary value condition (1.3) is valid in the sense of the trace. However, in gen-
(Ω) and cannot be defined the trace on the boundary. Accordingly, instead of considering the boundary value condition itself, we would pay a close attention to finding some other conditions to replace the boundary value condition and prove the corresponding stability of weak solutions (or uniqueness of weak solution).
t) and v(x, t) be two nonnegative weak solutions of equation (1.1) with the initial values u 0 (x) and v
0 (x). If f i (x, t) ≥ ca(x, t), i = 1, 2, . . . , N, t ∈ [0, T], (1.10) Ω a(x, t) -(p(x,t)-1) dx < ∞, t ∈ [0, T], (1.11) then Ω u(x, t) -v(x, t) dx ≤ c Ω u 0 (x) -v 0 (x) dx, a.e. t ∈ [0, T). (1.12) Theorem 1.4 If q ≥ 1, a(x, t) ≥ 0 satisfies (1.6), p(x, t) ≥ p -> 1, u
(x, t) and v(x, t) are two nonnegative weak solutions of equation (1.1) with the initial values u
One can see that condition (1.11) in Theorem 1.3 and condition (1.13) in Theorem 1.4 are complementary to each other. In this paper, ∇u represents the gradient of u on the spatial variable x, div f (x, t) represents the divergence of f on the spatial variable x.
By the uniqueness of weak solutions, we will study the large time behavior of weak solutions without the boundary value condition in the last section.
The existence of weak solutions
In this section, we use the parabolically regularized method to prove Theorem 1.2. Consider the initial boundary value problem
3)
By multiplying (2.1) with u ε , integrating it over Q t = Ω × [0, t], we achieve
Here, we have used the following fact:
By (2.5), we achieve
By Young's inequality, we extrapolate that
where
In addition, we have
Then φu ε → φu a.e. in Q T , and so u ε → u a.e. in Q T . Combining (2.4), (2.5), (2.6), and (2.7), there exist a function u and an n-dimensional
and
Meanwhile, similar as the proof of Lemma 2.6 in [4] , we can prove that
Moreover, one can prove the initial value condition in the sense of (1.7) as in [2] , thus u is a solution of equation (1.1) with the initial value (1.2) in the sense of Definition 1.1. The proof is complete.
The proof of Theorem 1.3
The following lemma can be found in [30, 31] . (i) Let p 1 (x) and p 2 (x) be real functions with
)). For any continuous function h(s), H(s) =
For small r > 0, let
Let ϕ(x, t) be a nonnegative function in C 1 (Q T ), and for every t ∈ [0, T],
Theorem 3.3 If q ≥ 1, a(x, t) ≥ 0 satisfies (1.6), p(x, t) ≥ p -> 1, u(x, t) and v(x, t) are two nonnegative weak solutions of equation (1.1) with the initial values u 0 (x) and v 0 (x) respectively, and there is a nonnegative function
ϕ ∈ C 1 (Q T ) satisfying (3.4) such that Ω a(x, t) ∇ϕ ϕ p(x,t) dx < ∞, Ω | N i=1 f i (x, t)ϕ x i | ϕ dx < ∞, t ∈ [0, T], (3.5) Ω a(x, t) -1 p(x,t)-1 N i=1 f i (x, t) p(x,t) p(x,t)-1 dx < ∞, t ∈ [0, T], i = 1, 2, . . . , N, (3.6) then Ω u(x, t) -v(x, t) dx ≤ c Ω u 0 (x) -v 0 (x) dx, a.e. t ∈ [0, T). (3.7)
Proof For two solutions u(x, t), v(x, t), the test function can be chosen as S σ (ϕ(u -v)), where ϕ(x, t) satisfies (3.4). Then
by Lemma 3.1. p 1 (t) has a similar meaning.
and by (3.6)
Here p 1 (t) = max x∈Ω p(x, t) or p 1 (t) = min x∈Ω p(x, t) according to
by Lemma 3.1 for any t ∈ [0, T), p 1 (t) has a similar meaning. At the same time,
is obvious by the assumption that
By the definition of the weak characteristic function ϕ(x, t), we can employ Lemma 3.2 to deduce that
Let σ → 0 in (3.8) . By (3.9), (3.11), (3.12), (3.13), and (3.14), we have
Proof of Theorem 1.3 By conditions (1.10) and (1.11), only if we choose φ(x, t) = a(x, t), we know conditions (4.1) (4.2) in Theorem 3.3 are true, the conclusion follows easily. 
Proof For a small positive constant δ > 0, denoting
where δ > 2λ > 0, 1 > β > 0. Now, by a process of limit, we can choose F λ (w) = F λ (u -v) and integrate it over Q t , 0 ≤ t < T, accordingly,
In the first place,
By that q > 0 and condition (4.1),
using the last formula of (3.3) and the dominated convergence theorem, we have
where c 1 is independent of λ. 
where c 1 is independent of λ. Letting λ → 0, we get the contradiction.
Proof of Theorem 1.4 By conditions (1.13) and (1.14), only if we choose φ(x, t) = a(x, t), we know conditions (3.5) (3.6) in Theorem 3.3 are true, the conclusion follows easily.
Asymptotic behavior of weak solutions
In what follows These two lemmas and the definitions about the weighted variable exponent Sobolev space W 1,p(x) (a, Ω) can be found in [32] .
